International Journal of Engineering & Applied Sciences (IJEAS)
Vol.8, Issue 2(Special Issue: Nanomechanics) (2016) 21-29
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Abstract
In the present work, bending of CNT has been carried out. Effects of the nonlocality, characteristic length ratio
and magnitude of the external uniform load have been investigated. Nonlocal Euler-Bernoulli Beam model has
been used in the formulation. Present results could be useful for design of nano-sensor applications.
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1. Introduction
Carbon Nanotubes (CNTs) have many potential usage areas like nano-electromechanical
systems, nano-sensors, nano-manipulators, etc. Especially static deflection of CNTs under the
effect of partial uniform load can be used in nano-sensor technologies [1]. Radial
displacement of CNT can be changed with the temperature or magnetic field changes.
Continuum and discrete model have been used in modeling of CNTs. Classical continuum
mechanics couldn’t have been successful in nano-scale applications because of length scale.
Nonlocal Elasticity, was established by Eringen [2–4], is a continuum model which includes
the size effect with assumption that is “stress at a point in the continuum is the functional of
stress field in every point of the continuum”. By this way, a continuum model which
incorporated both continuum and discrete model results had been established.
Static analysis of CNTs under the effect of external load has been investigated by scientists
over the years. Dequenes et al. [5] studied carbon nanotube based nanoelectromechanical
switches by using molecular dynamics(MD), linear and nonlinear continuum beam theories
and combined molecular dynamics and continuum theories. Wang and Shindo [6] firstly
developed nonlocal continuum theory for static and buckling analysis of CNTs. Gong et al.
[7] investigated static and dynamic characteristic of CNT using molecular dynamics. Reddy
and Pang [8] reformulated the equation of motion of the Euler-Bernoulli and Timoshenko
beam theories using the nonlocal differential constitutive relations of Eringen and studied the
static bending, vibration and buckling responses of beams at different boundary conditions.
Aydogdu [9] developed a generalized nonlocal beam theory for bending, buckling and free
vibration of nanobeams. Civalek et al. [10] presented the static bending analysis of CNTs
using nonlocal Euler-Bernoulli beam theory and differential quadrature method. Torsional
static analysis of CNT in an elastic medium under the different torque loads investigated by
Arda and Aydogdu [11]. Static and buckling analysis of cantilever CNTs carried out by
Civalek and Demir [12] using nonlocal Euler-Bernoulli beam model.
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Janghorban [13] conducted the static and free vibration analysis of carbon nanowires
modelled by using Timoshenko beam theory. Differential quadrature method was used in
solution process of governing equations. Janghorban and Zare [14] studied the bending of
functionally graded single-walled carbon nanotubes (SWCNTs). They used the harmonic
differential quadrature method to discretize the governing equations. Akgöz ve Civalek [15]
used modified couple stress and strain gradient elasticity theories for bending analysis of
SWCNTs. Shaban and Alibeigloo [16] investigated the free vibration and bending behavior of
SWCNTs embedded in an elastic medium by using on three-dimensional theory of elasticity.
Wu et al. [17] investigated the surface and nonlocal elasticity effects on the elastic behavior of
bending nanowires. Akgöz and Civalek [18] studied the static bending response of SWCNTs
embedded in an elastic medium based on higher-order shear deformation models and
modified strain gradient theory.
In the present paper, static deflection of CNTs under a partial uniform load will be
investigated. Effect of nonlocal parameter, nanotube length and uniform load magnitude will
be investigated. Results will be depicted in figures. Present results could be useful at design of
nano-sensor applications.
2. Analysis
A carbon nanotube with length L and diameter d is considered. The governing equation of
motion for hollow nanotube according to classical continuum mechanics can be obtained as:
(1)
where E is Young’s Modulus, ρ is density, I is moment of inertia, A is cross-sectional area, w
is transverse displacement of CNT and q(x,t) is the uniform transverse load.

Fig. 1. Continuum Modeling of the Present Problem
2.1. Governing Equation with Nonlocal Elasticity Theory
The nonlocal constitute relation can be defined as:
(2)
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where τkl is the nonlocal stress tensor, εkl is the strain tensor, λ and G are the Lame constants,
μ=(e0a)2 is called the nonlocal parameter, a is an internal characteristic length and e0 is a
constant. Eringen determined this parameter as 0.39 for longitudinal wave results according to
atomic lattice model [4].
Hooke’s Law can be reformulated using the nonlocal elasticity theory in Eq. (2) for uniform
CNT in the one dimensional form:
(3)
where and are the normal strain and the normal stress of CNT, respectively. If Eq. (3) is
inserted into Eq. (1), one obtains [10,15]:
(4)
Eq. (4) is the governing equation of motion in radial direction for CNT. If the nonlocal
parameter is assumed as zero (=0), the classical elasticity equation will be obtained. In static
analysis, time derivatives in governing equation are accepted as zero. Eq. (4) is turned into
form at below for the static bending analysis of CNT:
(5)
Partial uniform distributed load is considered in the present study. In continuum modeling,
partial and point loads can be defined using the Heaviside Step Function and Dirac Delta
Function, respectively [19]. If Eq. (5) is rearranged with assumption of dimensionless
nanotube length parameter
and partial load case, Eq. (6) is obtained:
(6)
where dimensionless uniform load can be defined as:
(7)
Transverse deflection function of CNT can be found integrating the Eq. (6):

(8)

(9)
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(10)

(11)
If the Eq. (11) reorganized, Eq. (12) will be obtained:

(12)
In Eq. (12), C1, C2, C3 and C4 are the integration constants and can be obtained from boundary
conditions. Clamped-Clamped (C-C) and Clamped-Free (C-F) boundary conditions are
considered in present study:

(13)

(14)

It is obviously seen that, C3 and C4 have been found as zero because of clamped boundary
condition at
. C1 and C2 have been obtained differently for different boundary
conditions as below:

(15)

(16)
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Fig. 2. Partial Uniform Load at C-C and C-F Boundary Conditions

3. Numerical Results and Discussion
In this section, nonlocal effect on dimensionless radial deflection of CNT will be investigated.
Effects of nonlocal parameter, nanotube length and magnitude of uniform load to
dimensionless radial deflection will be depicted in figures.
Numerical results are obtained by independent from material constants. But, interested
researchers can use present results in the static bending analysis of CNT which have different
chiralities. The assumption in literature for the thickness and elastic properties of the CNT are
different. According to Ref. [20,21], Young Modulus(E) and density(ρ) of CNTs do not
change substantially for bigger values of diameter of the CNTs (d≥1nm).
Nonlocal nanotube model validation can be performed using Lattice Dynamics and MD
Simulation results. Eringen [4] used the atomic lattice structure’s longitudinal wave results to
determine e0 and he obtained e0 =0.39. Nonlocal theory results show good agreement with the
Lattice Dynamic.
It can be interpreted that from the Figs. (2-8), nonlocal effect decreases dimensionless radial
deflection. However, in longer nanotubes (L>20nm) nonlocal effect vanishes because of the
external/internal characteristic length ratio reaches to limit value (L/a>>1). Magnitude of the
partial uniform load obviously increases the dimensionless radial deflection and that is an
expected result according continuum mechanics.
Position of the uniform distributed load changes the dimensionless radial deflection. The
nonlocal theory gives higher deflection values compared with the classical theory for
clamped-clamped boundary conditions. It is interesting to note that the nonlocal model gives
smaller results compared with classical elasticity theory for cantilever beam bending.
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Fig. 3. Changing of Dimensionless Radial Deflection in C-C Case (α1= 0.22 , α2= 0.87)

Fig. 4. Changing of Dimensionless Radial Deflection in C-F Case (α1= 0.22 , α2= 0.87)
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Fig. 5. Changing of Dimensionless Radial Deflection in C-C Case (α1= 0.39 , α2= 0.53)

Fig. 6. Changing of Dimensionless Radial Deflection in C-F Case (α1= 0.39 , α2= 0.53)

Fig. 7. Changing of Dimensionless Radial Deflection in C-C Case (α1= 0.63 , α2= 0.79)
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Fig. 8. Changing of Dimensionless Radial Deflection in C-C Case (α1= 0.63 , α2= 0.79)
4. Conclusion
In the present work, static radial deflection analysis of CNT under the effect of uniform
partial load is investigated. Effects of parameters to the dimensionless radial deflection are
obtained. Nonlocal parameter shows decreasing effect on radial deflection and characteristic
length ratio determined the effectiveness of nonlocal theory. Magnitude and application area
of the load increases the radial deflection of CNT. Present results are non-dimensional and
can be used on nano-sensor applications in CNTs which have different chiralities.
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